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We prove the following theorem: If every odd cycle of length ~> 5 has at least wo chords, 
then the graph is perfect. This generalizes a result of Gallai and Suranyi and also a result of Olaru 
and Sachs. 
1. Introduction 
Let G be a graph; let y (G)  denote its chromatic number; let to(G) denote the 
largest cardinality of a clique. G is said to be perfect if every induced subgraph G' 
satisfies y(G ' )= to(G'). The strong perfect graph conjecture, due to Berge [2], 
states that G is perfect iff it does not contain as an induced subgraph either an odd 
cycle without a chord C2~+z, k > 2, or its complement C2k.~1. We shall show that the 
Berge conjecture is true for the class of all graphs G such th:~t every odd cycle of 
length >t5 has at least two chords. The "weak" perfect graph conjecture was 
proved by Lovfisz [4]. 
A k-coloring f of the vertices of G is a mapping of the vertex set X of G into a 
set C of k colors such that every two adjacent vertices have different colors. A 
switching (relatively to C) is an operation on f defined as follows: take a connected 
component H~ of the subgraph of G,,~ induced by the vertices of color a and/3, 
where a, /3 ~ C. If H has at least a vertex of each color t~,/3, we interchange the 
colors a and/3 for all the vertices in H, the colors of the other vertices remaining 
unchanged. If H has only one vertex, of color a, say, we color this vertex with/3; 
furthermore, we color with/3 all the connected components of G,,~ consisting of a 
single vertex of color a. 
2. The main results 
Let ~d be the class of all graphs such that every odd cycle of length >~ 5 has at 
least two chords, and let G E ~. For k > y(G) ,  let f be a k-coloring of G. We shall 
first show that it is possible to obtain from [ a coloring of G with 7 (G)  colors by a 
sequence of switching operations. 
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Lemma 2.1. Let G E ~g, x a vertex of G, and let Fa(x) be the set of its neighbors. 
We consider a k-coloring of X - {x}. If y~ and yz are two vertices of Fa(x ) with colors 
a and [3, respectively, a~ [3, which belong to a component Ho~ of G.~, then yt and yz 
are linked by a (a, [3)-chain contained in F6(x). 
Let ix[y,, yz] = [xl = y~, x2 . . . . .  x2~ = y2] be a chain of G,.9 of minimum length 
between y, and yz. The cycle p. =/z [yl, y2] + [x, yt] + [x, y2] is odd and has only 
chords issuing from the vertex x. Assume that there exists a vertex a of/1 [yl, y:] 
which is not in Fa(x); we shall show that this leads to a contradiction. 
Let x~ be the vertex of F~(x) which is before a on p.[Y,,Y2], and let xj be the 
vertex of F6(x) which is after a on Ix[y,, y2]. Clearly, lz[x, xi] is of even length 
because otherwise the cycle [x, x, x~§ . . . . .  xi, x] would be an odd cycle of length ~> 5 
without chords. 
Let x~ be the vertex of F~(x) after xj on/z[y~, y2]. We have k > j  + 1, otherwise 
(x, x~, x~., . . . . .  xj, xj.t) would be an odd cycle of length ~ 5 with only one chord. As 
above, tz[xi, x~] is of even length. Thus, all the portions of IL[y~,yj] included 
between two vertices of F~(x) are even, and therefore p.[y, yj] is of even length, 
which contradicts that y~ and yj have different colors. 
Lemma 2.2. Let G ~ ~, let x be a vertex of G, and let f : X - x ---~ C be a k-coloring 
of the subgraph G - x induced by X - {x}. Let f '  be the restriction o f f  to the subgraph 
G' induced by FG(x). 
I f  fI is a k-coloring of G' obtained from f' by a sequence of switchings (related to 
C), then there exists a k-coloring f~ of G -x ,  obtained from f by a sequence of 
switchings (relatively to C), which has f] as a restriction to G'. 
Consider a connected component H'~ of G'~, and perform a switching with it. If 
H'~ has more than one vertex, then, by Lemma 2.1, the same result could be 
obtained by a switching with a connected component of G~t3. If H 'a  has only one  
single vertex, then the same result could be obtained by several switchings 
performed with several connected components of G,~. 
Remark that if G ~ ~ the property of Lemma 2.2 is not always true: consider the 
graph G with vertices a, b, c, d, x and edges ax, bx, dx, ab, be, cd. The bi-coloring 
f= [3 oL [3 
of G-x  has a restriction 
b d 
A switching on f '  gives: 
(a  b " / 
f~= ~ = [3 '  
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which is not the restriction to G'  of a bicoloring jr~ of G -x  obtained from f by 
switchings. 
Theorem 2.3. Let G E 
a k-coloring f of G with 
jrron! jr by a sequence of 
~, and let f : X--~ C be a k-coloring of G. Then there exists 
3,(G) colors (i.e. with If(x)l---/(G)), which is obtained 
switchings (relatively to C). 
Proof. If the order of G is 1, then the theorem is obviously true. Let n > 1. 
Assume that the result is true for all graphs with order < n, we shall show that it is 
true for every graph G of order n. 
Let C = {ot~, a2 . . . . .  a~}, with k > ~/(G) = q, and consider a k-coloring jr : X---~ C. 
There exists in G a vertex x with color a ~ or,, az .. . . .  aq (otherwise the proof is 
achieved). 
Let H be the subgraph of G induced by x and the vertices of color al ,  a2 . . . .  , or 
otq. Since "y(H) ~< q, the subgraph H '  of H induced by Fc(x) satisfies 3,(H') ~< q - 1. 
By the'induction hypothesis, H' ,  which is of order less than n and belongs to ~d, 
has a coloring f~ with ~/(H') colors obtained from the restriction of f to H',  by a 
sequence of switchings relatively to {a~, a2 . . . . .  aq}. 
By L.emma 2.2, f~ can also be obtained from f by a sequence of switchings 
relatively to {t~, a2 . . . . .  aq}. After this sequence of switchings, we can recolor x 
with one of the colors a~ . . . . .  otq, in other words, we can enlarge the set of vertices 
colored with a~ . . . . .  aq, and this process can be repeated until all the vertices of G 
are colored with a~ . . . . .  aq. Thus, we Obtain a coloring of C with "y(G) colors. 
Theorem 2.4. Every graph GE~ is perfect. 
Proof. Suppose that "/(G) = q > to(G). Let H be a q-critical subgraph of G, i.e. 
~,(H) = q, 
3 , (H-x )=q-1  for every vertex x of H. 
Thus, Fjt(x) is colorable with q - 1 colors. If F~(x) is colorable with q -2  colors, 
then by Lemma 2.2 and Theorem 2.3, there exists a (q - 1)-coloring of H - x using 
q -2  colors for FH(x), and 3~(H)= q - 1, which is a contradiction. 
Thus, {x} t_J F~,(x) is not (q - 1)-colorable, and therefore {x} LI Ft,(x) is equal to 
the vertex set of H. Since this is true for all x, this shows that H is a q-clique and 
that to(G)>~q, which is a contradiction. 
Consider the graph G with vertex set {x~i : 1 <~ i <~3, 1 ~<j <~4}, where x~x~ is an 
edge iff i~Zp and j~q.  The graph G is perfect (since its complement has a 
clique-hypergraph which is balanced, and, by a theorem of Berge [2, Chapter 16], 
this implies that this complement is perfect). Clearly, G ~ ~d, and the 4-coloring 
with classes {x, i : i  = 1,2,3} (j = 1,2,3,4) cannot give a coloring with 3~(G)=3 
colors by a sequence of switchings. 
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This shows that the method used in the proof  of Theorem 2.4 cannot be used for 
a general  proof  of the perfect graph conjecture.  
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